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COHERENT STATES IN QUANTUM OPTICS: AN ORIENTED
OVERVIEW
JEAN-PIERRE GAZEAUA,B
ABSTRACT. In this survey, various generalisations of Glauber-Sudarshan coherent states are de-
scribed in a unified way, with their statistical properties and their possible role in non-standard
quantisations of the classical electromagnetic field. Some statistical photon-counting aspects of
Perelomov SU(2) and SU(1, 1) coherent states are emphasized.
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1. INTRODUCTION
The aim of this contribution is to give a restricted review on coherent states
in a wide sense (linear, non-linear, and various other types), and on their pos-
sible relevance to quantum optics, where they are generically denoted by |α〉,
for a complex parameter α , with |α | ă R, R P (0,8). Many important as-
pects of these states, understood here in a wide sense, will not be considered,
like photon-added, intelligent, squeezed, dressed, “non-classical", all those cat
superpositions of any type, involved into quantum entanglement and informa-
tion, .... Of course, such a variety of features can be found in existing articles or
reviews. A few of them [1, 2, 3, 4, 5, 6] are included in the list of references in
order to provide the reader with an extended palette of various other references.
We have attempted to give a minimal framework for all various families of
|α〉’s which are described in the present review. Throughout the paper we put
~ = 1 = c, except if we need to make precise physical units. In Section 2 we
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recall the main characteristics of the Hilbertian framework (one-mode) Fock
space with the underlyingWeyl-Heisenberg algebra of its lowering and raising
operators, and the basic statistical interpretation in terms of detection probabil-
ity. In Section 3 we introduce coherent states in Fock space as superpositions
of number states with coefficients depending on a complex number α . These
“PHIN" states are requested to obey two fundamental properties, normalisa-
tion and resolution of the identity in Fock space. The physical meaning of the
parameter α is explained in terms of the number of photons, and may or not be
interpreted in terms of classical optics quadratures. A first example is given in
terms of holomorphic Hermite polynomials. We then define an important sub-
class AN in PHIN. Section 4 is devoted to the celebrated prototype of all CS
in class AN, namely the Glauber-Sudarshan states. Their multiple properties
are recalled, and their fundamental role in quantum optics is briefly described
by following the seminal 1963 Glauber paper. We end the section with a de-
scription of the CS issued from unitary displacement of an arbitrary number
eigenstate in place of the vacuum. The latter belong to the PHIN class, but not
in the AN class. The so-called non-linear CS in the AN class are presented in
Section 5, and an example of q-deformed CS illustrates this important extension
of standard CS. In Section 6 we adapt the Gilmore-Perelomov spin or SU(2)CS
to the quantum optics framework and we emphasize their statistical meaning
in terms of photon counting. We extend them also these CS to those issued
from an arbitrary number state. We follow a similar approach in Section 7 with
Perelomov and Barut-Girardello SU(1, 1) CS. Section 8 is devoted to another
type of AN CS, named Susskind-Glogower, which reveal to be quite attractive
in the context of quantum optics. We end in Section 9 this list of various CS
with a new type of non-linear CS based on deformed binomial distribution.
In Section 10 we briefly review the statistical aspects of CS in quantum optics
by focusing on their potential statistical properties, like sub- or super- Poisso-
nian or just Poissonian. The content of Section 11 concerns the role of all these
generalizations of CS belonging to the AN class in the quantization of classical
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solutions of the Maxwell equations and the corresponding quadrature portraits.
Some promising features of this CS quantization are discussed in Section 12.
2. FOCK SPACE
In their number or Fock representation, the eigenstates of the harmonic os-
cillator are simply denoted by kets |n〉, where n = 0, 1, . . . , stands for the num-
ber of elementary quanta of energy, named photons when the model is applied
to a quantized monochromatic electromagnetic wave. These kets form an or-
thonormal basis of the Fock Hilbert space H. The latter is actually a physical
model for all separable Hilbert spaces, namely the space ℓ2(N) of square sum-
mable sequences. For such a basis (actually for any hilbertian basis {en , n =
0, 1, . . . }), the lowering or annihilation operator a, and its adjoint a:, the raising
or creation operator, are defined by
(2.1) a |n〉 =
?
n |n ´ 1〉 , a: |n〉 =
?
n + 1|n + 1〉 ,
together with the action of a on the ground or “vacuum” state a |0〉 = 0. They
obey the so-called canonical commutation rule (ccr) [a,a:] = I . In this context,
the number operator Nˆ = a:a is diagonal in the basis {|n〉, n P N}, with spectrum
N: Nˆ |n〉 = n |n〉.
3. GENERAL SETTING FOR COHERENT STATES IN A WIDE SENSE
3.1. The PHIN Class. A large class of one-mode optical coherent states can
be written as the following normalized superposition of photon number states,
(3.1) |α〉 =
8∑
n=0
ϕn(α)|n〉 ,
where the complex parameter α lies in some bounded or unbounded subset S
of C. Its physical meaning will be discussed below in terms of detection proba-
bility. Note that the adjective “coherent" is used in a generic sense and should
not be understood in the restrictive sense it was given originally by Glauber
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[7]. The complex-valued functions α ÞÑ ϕn(α), from which the name “PHIN
class", obey the two conditions
1 =
8∑
n=0
|ϕn(α)|
2 , α PS , (normalisation)(3.2)
δnn1 =
∫
S
d2α w (α) ϕn(α)ϕn1(α) , (orthonormality) ,(3.3)
where w (α) is a weight function, with support S in C. While Eq. (3.2) is
necessary, Eq. (3.3) might be optional, except if we request resolution of the
identity in the Fock Hilbert space spanned by the number states:
(3.4)
∫
S
d2α w (α) |α〉〈α | = I .
A finite sum in (3.1) due to ϕn = 0 for all n larger than a certain nmax may be
considered in this study.
If the orthonormality condition (3.3) is satisfied with a positive weight func-
tion, it allows us to interpret the map
(3.5) α ÞÑ |ϕn(α)|2 ” ϖn(α)
as a probability distribution, with parameter n, on the support S of w in C,
equipped with the measure w (α) d2α .
On the other hand, the normalisation condition (3.2) allows to interpret the
discrete map
(3.6) n ÞÑ ϖn(α)
as a probability distribution on N, with parameter α , precisely the probability
to detect n photons when the quantum light is in the coherent state |α〉. The
average value of the number operator
(3.7) n¯ = n¯(α) := 〈α |Nˆ |α〉 =
8∑
n=0
nϖn(α)
can be viewed as the intensity (or energy up to a physical factor like ~ω) of the
state |α〉 of the quantum monochromatic radiation under consideration. An
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optical phase space associated with this radiation may be defined as the image
of the map
(3.8) S Q α ÞÑ ξα =
a
n¯(α) e i argα P C .
A statistical interpretation of the original setS is made possible if one can invert
the map (3.8). Two examples of such an inverse map will be given in Section 6
and Subsection 7.1 respectively, with interesting statistical interpretations.
3.2. A first example of PHIN CS with holomorphic Hermite polyno-
mials. These coherent states were introduced in [8]. Given a real number
0 ă s ă 1, the functions ϕn;s are defined as
(3.9) ϕn;s (α) :=
1a
bn(s)Ns (α)
e´α
2/2Hn(α) , α P C .
The non-holomorphic part lies in the expression of Ns
Ns (α) =
s´1 ´ s
2π
e´s X
2
+s´1 Y 2
, α = X + iY .
The constant bn(s) is given by
bn(s) =
π
?
s
1´ s
(
2
1 + s
1´ s
)n
n! .
The functionHn(α) is the usual Hermite polynomial of degree n [9], considered
here as an holomorphic polynomial in the complex variable α . The correspond-
ing normalised coherent states
(3.10) |α ; s〉 =
8∑
n=0
ϕn;s (α)|n〉 ,
solve the identity in H,
(3.11)
s´1 ´ s
2π
∫
C
d2α |α ; s〉〈α ; s | = I .
Thus, in the present case we have the constant weight w (α) = s
´1´s
2π . This
resolution of the identity results from the orthogonality relations verified by
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the holomorphic Hermite polynomials in the complex plane:
(3.12)∫
C
dX dY Hn(X + iY )Hn1 (X + iY ) exp
[
´(1´ s)X 2 ´
(
1
s
´ 1
)
Y 2
]
= bn(s)δnn1 .
Note that the map α ÞÑ n¯(α) = ∑n n e´α 2/2Hn(α)2 is not rotationally invariant.
3.3. The AN Class. Particularly convenient to manage and mostly encoun-
tered are coherent states |α〉 for which the functions ϕn factorise as
(3.13) ϕn(α) = αn hn(|α |2) ,
8∑
n=0
|α |2n |hn(α)|
2
= 1 , |α | ă R ,
where R can be finite or infinite. All coherent states of the above type lie in
the so-called AN class (AN for “αn”). Then, due to Fourier angular integration
in (3.3), the orthonormality condition holds if there exists an isotropic weight
function w such that the hn ’s solve the following kind of moment problem on
the interval [0,R2],
(3.14)
∫ R2
0
du w(u)un |hn(u)|2 = 1 , n P N .
This w is related to the above w through
(3.15) w (α) =
w(|α |2)
π
.
Note that the probability (3.6) to detect n photons when the quantum light is
in such a AN coherent state |α〉 is expressed as a function of u = |α |2 only,
(3.16) n ÞÑ ϖn(α) ” Pn (u) = un (hn(u))2 .
Hence, the map α ÞÑ n¯ is here rotationally invariant: n¯ = n¯(u). On the other
hand, the probability distribution on the interval [0,R2], for a detected n, that
CS |α〉 have classical intensity u is given by
(3.17) u ÞÑ ϖn(α) ” Pn (u) .
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4. GLAUBER-SUDARSHAN CS
4.1. Definition and properties. They are the most popular, of course, among
theAN families, and historically the first ones to appear inQEDwith Schwinger
(1953) [10], and in quantum optics with the 1963 seminal papers by Glauber
[7, 11, 12] and Sudarshan [13]. See also some key papers like [14, 15, 16] for
further developments in quantum optics and quantum field theory. They were
introduced in quantum mechanics by Schrödinger (1926) [17] and later by
Klauder [18, 19, 20]. They correspond to the Gaussian
(4.1) hn(u) =
e´u?
n!
,
and read
(4.2) |α 〉 = e´ |α |
2/2
8∑
n=0
αn?
n!
|n〉.
Here, the parameter, i.e., the amplitude, α = X + iY represents an element of
the optical phase space. Its cartesian components X and Y in the Euclidean
plane are called quadratures. In complete analogy with the harmonic oscillator
model, the quantity u = |α |2 is considered as the classical intensity or energy of
the coherent state |α〉. The corresponding detection distribution is the familiar
Poisson distribution
(4.3) n ÞÑ Pn(u) = e´u u
n
n!
,
and the average value of the number operator is just the intensity.
(4.4) n¯(α) = |α |2 = u .
Hence, the detection distribution is written in terms of this average value as
(4.5) Pn(u) = e´n¯
n¯n
n!
.
From now on the states (4.2) will be called standard coherent states. They are
called harmonic oscillator CS when we consider the |n〉’s as eigenstates of the
corresponding quantum hamiltonian Hosc =
(
P2 +Q2
)
/2 = Nˆ + 1/2 with Q =
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a + a:?
2
and P =
a ´ a:
i
?
2
. They are exceptional in the sense that they obey the
following long list of properties that give them, on their whole own, a strong
status of uniqueness.
P0 The map C Q α Ñ |α〉 P H is continuous.
P1 |α〉 is eigenvector of annihilation operator: a |α〉 = α |α〉.
P2 The CS family resolves the unity:
∫
C
d2α
π
|α〉〈α | = I .
P3 The CS saturate the Heisenberg inequality : ∆X ∆Y = ∆Q ∆P = 1/2.
P4 The CS family is temporally stable : e´iHosct |α〉 = e´it/2 |e´itα〉.
P5 The mean value (or “lower symbol” ) of the HamiltonianHosc mimics the classical
relation energy-action: Hˇosc(α) := 〈α |Hosc |α〉 = |α |2 + 12 .
P6 The CS family is the orbit of the ground state under the action of the Weyl dis-
placement operator: |α〉 = e(αa
:´α¯a) |0〉 ” D(α)|0〉.
P7 The unitary Weyl-Heisenberg covariance follows from the above:
U(s, ζ )|α〉 = e i(s+Im(ζ α¯ )) |α + ζ 〉 where U(s, ζ ) := e is D(ζ ).
P8 From P2 the coherent states provide a straightforward quantization scheme:
Function f (α)Ñ Operator Af =
∫
C
d2α
π
f (α) |α〉〈α | .
These properties cover a wide spectrum, starting from the “wave-packet” ex-
pression (4.2) together with Properties P3 and P4, through an algebraic side
(P1), a group representation side (P6 and P7), a functional analysis side (P2) to
end with the ubiquitous problematic of the relationship between classical and
quantum models (P5 and P8). Starting from this exceptional palette of proper-
ties, the game over the past almost seven decades has been to build families of
CS owing some of these properties, if not all of them, as it can be attested by the
huge literature, articles, proceedings, special issues and author(s) or collective
books, a few of them being [22, 21, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].
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4.2. Why the adjective coherent? (partially extracted from [30]). Let us
compare the two equations :
(4.6) a |α〉 = α |α〉 , a |n〉 =
?
n |n ´ 1〉 .
Hence, an infinite superposition of number states |n〉, each of the latter describing a
determinate number of elementary quanta, describes a state which is left unmodified (up
to a factor) under the action of the operator annihilating an elementary quantum. The
factor is equal to the parameter α labeling the considered coherent state.
More generally, we have f (a)|α〉 = f (α)|α〉 for an analytic function f . This is
precisely the idea developed by Glauber [7, 11, 12]. Indeed, an electromagnetic
field in a box can be assimilated to a countably infinite assembly of harmonic
oscillators. This results from a simple Fourier analysis of Maxwell equations.
The (canonical) quantization of these classical harmonic oscillators yields the
Fock space F spanned by all possible tensor products of number eigenstates⊗
k |nk 〉 ” |n1,n2, . . . ,nk , . . .〉, where “k” is a shortening for labeling the mode
(including the photon polarization )
(4.7) k ”

®k wave vector ,
ωk = ‖®k ‖c frequency ,
λ = 1, 2 helicity ,
and nk is the number of photons in the mode “k”. The Fourier expansion of the
quantum vector potential reads as
(4.8) ÝÑA (®r , t) = c
∑
k
d
~
2ωk
(
ak ®uk (®r )e
´iωk t
+ a
:
k
®uk (®r )e
iωk t
)
.
As an operator, it acts (up to a gauge) on the Fock space Fvia ak and a
:
k
defined
by
(4.9) ak0
∏
k
|nk 〉 =
?
nk0 |nk0 ´ 1〉
∏
k,k0
|nk 〉 ,
and obeying the canonical commutation rules
(4.10) [ak ,ak 1 ] = 0 = [a
:
k
,a
:
k 1
] , [ak ,a
:
k 1
] = δkk 1 I .
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Let us now give more insights on the modes, observables, and Hamiltonian.
On the level of the mode functions ®uk the Maxwell equations read as:
(4.11) ∆®uk (®r ) +
ω2
k
c2
®uk (®r ) = ®0 .
When confined to a cubic boxCL with size L, these functions form an orthonor-
mal basis ∫
CL
®uk (®r ) ¨ ®ul (®r ) d3®r = δkl ,
with obvious discretization constraints on “k”. By choosing the gauge∇¨®uk (®r ) =
0, their expression is:
(4.12) ®uk (®r ) = L´3/2ê(λ)e i
®k ¨®r , λ = 1 or 2 , ®k ¨ ê(λ) = 0 ,
where the ê(λ)’s stand for polarization vectors. The respective expressions of the
electric and magnetic field operators are derived from the vector potential:
ÝÑ
E = ´1
c
BÝÑA
Bt ,
ÝÑ
B =
ÝÑ
∇ ˆÝÑA .
Finally, the electromagnetic field Hamiltonian is given by:
He.m. =
1
2
∫ (
‖
ÝÑ
E ‖2 + ‖
ÝÑ
B ‖2
)
d3®r =
1
2
∑
k
~ωk
(
a
:
k
ak + aka
:
k
)
.
Let us now decompose the electric field operator into positive and negative
frequencies.
ÝÑ
E =
ÝÑ
E
(+)
+
ÝÑ
E
(´)
,
ÝÑ
E
(´)
=
ÝÑ
E
(+):
,
ÝÑ
E
(+)
(®r , t) = i
∑
k
c
~ωk
2
ak ®uk (®r )e
´iωk t .(4.13)
We then consider the field described by the density (matrix) operator :
(4.14) ρ =
∑
(nk )
c(nk )
∏
k
|nk 〉〈nk | , c(nk ) ě 0 , tr ρ = 1 ,
and the derived sequence of correlation functions G(n). The Euclidean tensor
components for the simplest one read as
(4.15) G(1)i j (®r , t ; ®r 1, t
1) = tr
{
ρE
(´)
i (®r , t)E
(+)
j (
®r 1, t 1)
}
, i, j = 1, 2, 3 .
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They measure the correlation of the field state at different space-time points.
A coherent state or coherent radiation |c.r.〉 for the electromagnetic field is then
defined by
(4.16) |c.r.〉 =
∏
k
|αk 〉 ,
where |αk 〉 is precisely the standard coherent state for the “k" mode :
(4.17) |αk 〉 = e
´ |αk |
2
2
∑
nk
(αk )
nka
nk !
|nk 〉 , ak |αk 〉 = αk |αk 〉 ,
with αk P C. The particular status of the state |c.r.〉 is well understood through
the action of the positive frequency electric field operator
(4.18) ÝÑE (+)(®r , t)|c.r.〉 = ÝÑE(+)(®r , t)|c.r.〉 .
The expression ÝÑE(+)(®r , t) which shows up is precisely the classical field expres-
sion, solution to the Maxwell equations.
(4.19)
ÝÑ
E
(+)
(®r , t) = i
∑
k
c
~ωk
2
αk ®uk (®r )e
´iωk t .
Now, if the density operator is chosen as a pure coherent state, i.e.,
(4.20) ρ = |c.r.〉〈c.r.| ,
then the components (4.15) of the first order correlation function factorizes into
independent terms :
(4.21) G(1)i j (®r , t ; ®r 1, t
1) = E(´)i (®r , t)E
(+)
j (
®r 1, t 1) .
An electromagnetic field operator is said “fully coherent” in the Glauber sense if all
of its correlation functions factorize like in (4.21). Nevertheless, one should notice
that such a definition does not imply monochromaticity.
A last important point concerns the production of such states in quantum
optics. They can be manufactured by adiabatically coupling the e.m. field to a
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classical source, for instance a radiating current ®j(®r , t). The coupling is described
by the Hamiltonian
(4.22) Hcoupling = ´
1
c
∫
d®r ÝÑj (®r , t) ¨ ÝÑA (®r , t) .
From the Schrödinger equation, the time evolution of a field state supposed to
be originally, say at t0, the state |vacuum〉(no photons) is given by
(4.23) |t〉 = exp
[
i
~c
∫ t
t0
dt 1
∫
d®r ÝÑj (®r , t 1) ¨ ÝÑA (®r , t 1) + iφ(t)
]
|vacuum〉 ,
where φ(t) is some phase factor, which cancels if one deals with the density
operator |t〉〈t | and can be dropped. From the Fourier expansion (4.8) we easily
express the above evolution operator in terms of the Weyl displacement oper-
ators corresponding to each mode,
(4.24) exp
[
i
~c
∫ t
t0
dt 1
∫
d®r ÝÑj (®r , t 1) ¨ ÝÑA (®r , t 1)
]
=
∏
k
D(αk (t)) ,
where the complex amplitudes are given by
(4.25) αk (t) =
i
~c
∫ t
t0
dt 1
∫
d®r ÝÑj (®r , t 1) ¨ ®uk (®r )e iωk t 1 .
Hence, we obtain the time-dependent e.m. CS
(4.26) |t〉 = bk |αk (t)〉 .
4.3. Weyl-Heisenberg CS with Laguerre polynomials. The construction
of the standard CS is minimal from the point of view of the action of the Weyl
unitary operator D(α) on the vacuum |0〉 (Property P6). More elaborate states,
are issued from the action of D(α) on other states |s〉, s = 1, 2, . . . , of the Fock
basis, which might be considered as initial states in the evolution described by
(4.23). Hence, let us define the family of CS
(4.27) |α ; s〉 = D(α)|s〉 =
8∑
n=0
Dns (α)|n〉 .
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The coefficients in this Fock expansion are thematrix elementsDns = 〈n |D(α)|s〉
of the displacement operator. They are given in terms of the generalized La-
guerre polynomials [9] as
Dns (α) :=
c
s!
n!
e´
|α |2
2 αn´s L(n´s)s
(
|α |2
)
for s ď n ,
=
c
n!
s!
e´
|α |2
2 (´α¯)s´n L(s´n)n
(
|α |2
)
for s ą n .(4.28)
Asmatrix elements of a projective square-integrableUIR of theWeyl-Heisenberg
group they obey the orthogonality relations
(4.29)
∫
C
d2α
π
Dns (α)Dn1s 1(α) = δnn1 δss 1 .
Like for the general case presented in (3.3)-(3.4) this property validates the res-
olution of the identity
(4.30)
∫
C2
d2α
π
|α ; s〉〈α ; s | = I .
The corresponding detection distribution is the “Laguerre weighted" Poisson
distribution,
(4.31) n ÞÑ Pn(u) =

e´u
us´n
(s ´ n)!
(
L
(s´n)
n (u)
)2(s
n
) n ď s
e´u
un´s
(n ´ s)!
(
L
(n´s)
s (u)
)2(n
s
) n ě s
.
Of course, the optical phase space made of the complex
a
n¯(α)e i argα is here less
immediate.
We notice that for s ą 0, these CS |α ; s〉 do not pertain to the AN class,
since we find in the expansion a finite number of terms in α¯n besides an infinite
number of terms in αn . On the other hand, there exist families of coherent
states in the AN class (or their complex conjugate) which are related to the
generalized Laguerre polynomials in a quasi-identical way [33, 34].
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5. NON-LINEAR CS
5.1. General. We define as non-linear CS those AN CS for which the func-
tions hn(u) assume the simple form
(5.1) hn(u) =
λna
N(u)
, N(u) =
8∑
n=0
|λn |
2un .
5.2. Deformed Poissonian CS. They are particular cases of the above. All λn
form a strictly decreasing sequence of positive numbers tending to 0:
(5.2) λ0 = 1 ą λ1 ą ¨ ¨ ¨ λn ą λn+1 ą ¨ ¨ ¨ , λn Ñ 0 .
We now introduce the strictly increasing sequence,
(5.3) xn =
(
λn´1
λn
)2
, x0 = 0 .
It is straightforward to check that
(5.4) λn =
1a
xn !
, with xn ! := x1x2 ¨ ¨ ¨xn .
Then N(u) is the generalized exponential with convergence radius R2,
(5.5) N(u) =
8∑
n=0
un
xn !
,
and the corresponding CS take the form extending to the non-linear case the
familiar Glauber-Sudarshan one,
(5.6) |α〉 =
1a
N(|α)|2)
8∑
n=0
αna
xn !
|n〉 .
The orthonormality condition (3.3) is completely fulfilled if there exists aweight
w(u) solving the moment problem for the sequence (xn !)nPN,
(5.7) xn ! =
∫ R2
0
du
w(u)
N(u)
un .
The detection probability distribution is the deformed Poisson distribution:
(5.8) n ÞÑ Pn(u) = 1
N(u)
un
xn !
.
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The average value of the number operator n¯ is given by
(5.9) n¯
(
|α |2
)
) = 〈α |Nˆ |α〉 = u
d logN(u)
du

u= |α |2
.
5.3. Example with q deformations of integers. These coherent states have
been studied by many authors, see [35], that we follow here, and references
therein. They are built from the symmetric or bosonicq-deformation of natural
numbers:
(5.10) xn = [s][n]q =
qn ´ q´n
q ´ q´1 =
[s][n]q´1 , q ą 0 .
(5.11) |α〉q =
1b
Nq(|α |2)
8∑
n=0
αnb
[s][n]q !
|n〉 ,
where its associated exponential is one of the so-called q exponentials [36]
(5.12) Nq (u) = eq(u) ”=
+8∑
n=0
un
[s][n]q !
.
This series defines the analytic entire function eq(z) in the complex plane for
any positive q. The CS |α〉q in the limit q Ñ 1 goes to the standard CS |α〉. The
solution to the moment problem (3.14) for 0 ă q ă 1 is given by∫ 8
0
du wq(u)
un
eq(u) [s][n]q !
= 1
with positive density
wq(t) = (q
´1 ´ q)
8∑
j=0
дq
(
t
q´1 ´ q
q2j
)
Eq
(
´ q
2j
q´1 ´ q
)
.
The function дq is given by
дq(u) =
1a
2π | lnq |
exp
´
[
ln
(
u?
q
) ]2
2| lnq |
 .
and a second q-exponential [36] appears here,
Eq(u) :=
8∑
n=0
q
n(n+1)
2
un
[s][n]q !
.
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Its radius of convergence is8 for 0 ă q ď 1 (it is equal to 1/(q´q´1) for q ą 1).
There results the resolution of the identity,
(5.13)
∫
C
d2α wq (α) |α〉qq 〈α | = I , wq (α) =
wq(|α |
2)
π
.
More exotic families of non-linear CS are, for instance, presented in [37].
6. SPIN CS AS OPTICAL CS
These states are an adaptation to the quantum optical context of the well-
knownGilmore or Perelomov SU(2)-CS, also called spin CS [22, 23]. The Fock
space reduces to the finite-dimensional subspace Hj , with dimension nj + 1 :=
2j + 1, for j positive integer or half-integer, consistenly with the fact that the
functions hn , given here by
(6.1) hn(u) =
d(
nj
n
)
(1 + u)´
nj
2 ,
(
nj
n
)
=
nj !
n!(nj ´ n)! .
cancel for n ą nj . The corresponding spin CS read
(6.2) |α ;nj 〉 =
(
1 + |α |2
)´ nj2 nj∑
n=0
d(
nj
n
)
αn |n〉 .
They resolve the unity in Hnj in the following way:
(6.3)
nj + 1
π
∫
C
d2α
(1 + |α |2)2
|α ;nj 〉〈α ;nj | = I .
The detection probability distribution is binomial:
(6.4) n ÞÑ Pn(u) = (1 + u)´nj
(
nj
n
)
un .
There results the average value of the number operator
(6.5) n¯(u) = nj
u
1 + u
ô u = n¯/nj
1´ n¯/nj .
Thus the probability (6.4) is expressed in terms of the ratio p := n¯/nj as
(6.6) Pn(u) ” P˜n(p) =
(
nj
n
)
(1´ p)nj´n pn ,
which allows to define the optical phase space as the open disk of radius ?nj ,
D?nj =
{
ξα =
b
n¯
(
|α |2
)
e i argα , |ξα | ă ?nj
}
.
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The interpretation of Pn(u) together with the number nj in terms of photon
statistics (see Section 10 for more details) is luminous if we consider a beam of
perfectly coherent light with a constant intensity. If the beam is of finite length
L and is subdivided intonj segments of length L/nj , then P˜n(p) is the probability
of finding n subsegments containing one photon and (nj ´ n) containing no
photons, in any possible order [38]. A more general statistical interpretation of
(6.4) or (6.6) is discussed in [39].
Note that the standard coherent states are obtained from the above CS at the
limit nj Ñ 8 through a contraction process. The latter is carried out through
a scaling of the complex variable α , namely α ÞÑ ?nj α . Then the binomial
distribution P˜n(p) becomes the Poissionian (4.5), as expected.
Actually, these states are the simplest ones among a whole family issued from
the Perelomov construction [22, 30, 40], and based on spin spherical harmonics.
For our present purpose we modify their definition by including an extra phase
factor and delete the factor
b
2j+1
4π . For j P N/2 and a given ´j ď σ ď j, the
spin spherical harmonics are the following functions on the unit sphere S2.
σYj µ (Ω) := (´1)(j´µ)
d
(j ´ µ)!(j + µ)!
(j ´ σ )!(j + σ )!ˆ
ˆ 1
2µ
(1 + cosθ )
µ+σ
2 (1´ cosθ ) µ´σ2 P (µ´σ,µ+σ )j´µ (cos θ ) e´i(j´µ)φ ,(6.7)
where Ω = (θ ,φ) (polar coordinates), ´j ď µ ď j, and the P (a,b)n (x) are Jacobi
polynomials [9] with P (a,b)0 (x) = 1. Singularities of the factors at θ = 0 (resp.
θ = π ) for the power µ ´ σ ă 0 (resp. µ + σ ă 0) are just apparent. To remove
them it is necessary to use alternate expressions of the Jacobi polynomials based
on the relations:
(6.8) P (´a,b)n (x) =
(n+b
a
)(n
a
) (x ´ 1
2
)a
P
(a,b)
n´a (x) .
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The functions (6.7) obeys the two conditions required in the construction of
coherent states
2j + 1
4π
∫
S2
dΩ σYj µ (Ω) σYj µ 1(Ω) = δµµ 1 (orthogonality)(6.9)
j∑
µ=´j
|σYj µ (Ω)|
2
= 1 (normalisation) .(6.10)
At j = l integer and σ = 0, µ = m we recover the spherical harmonics Ylm(Ω)
(up to the factor (´1)le´ijφ
b
2l+1
4π ). We now consider the parameter α in (6.2)
as issued from the stereographic projection S2 Q Ω ÞÑ α P C:
(6.11) α = tan
θ
2
e iφ , with dΩ = sinθdθdφ =
4d2α
(1 + |α |2)2
.
In this regard, the probability p = n¯/nj is equal to sinθ/2 while φ = argα .
With the notations nj = 2j P N, n = j ´ µ = 0, 1, 2, . . . ,nj , 0 ď s = j ´ σ ď nj ,
adapted to the content of the present paper, and from the expression of the
Jacobi polynomials, we get the functions (6.7) in terms of α P C:
(6.12) σYj µ (Ω) = αn hn;s
(
|α |2
)
,
where
(6.13)
hn;s (u) =
d
n!(nj ´ n)!
s!(nj ´ s)! (1 + u)
´ nj2
min(n,s)∑
r=max(0,n+s´nj )
(
s
r
) (
nj ´ s
n ´ r
)
(´1)r us/2´r .
The corresponding “Jacobi" CS are in the AN class and read
(6.14) |α ;nj ; s〉 =
nj∑
n=0
αn hn;s
(
|α |2
)
|n〉 .
They solve the identity as
(6.15)
nj + 1
π
∫
C
d2α
(1 + |α |2)2
|α ;nj ; s〉〈α ;nj ; s | = I
The states (6.2) are recovered for s = 0. Similarly to CS (4.27) states (6.14) can
be also viewed as displaced occupied states. Indeed, they can be written in the
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Perelomov way as
(6.16) |α ;nj ; s〉 = Dnj /2 (ζα ) |s〉 ,
where ζα =
©­«
(
1 + |α |2
)´1/2 (1 + |α |2)´1/2 α
´ (1 + |α |2)´1/2 α¯ (1 + |α |2)´1/2 ª®¬ is the element of SU(2)which
brings 0 to α under the homographic action
α ÞÑ ©­«
a b
´b¯ a¯
ª®¬ ¨ α := aα + b´b¯α + a¯
of this group on the complex plane, and Dnj /2 is the corresponding nj + 1-
dimensional UIR of SU(2). Let us write Dnj /2 (ζα ) as a displacement operator
similar to the Weyl-Heisenberg one (propriety P6) and involving the usual an-
gular momentum generators J˘ for the representation Dnj /2,
(6.17) Dnj /2 (ζα ) = eςα J+´ς¯α J´ ” Dnj (ςα ) , ςα = ´ tan´1 |α | e´i argα .
Note that we could have adopted here the historical approaches by Jordan, Hol-
stein, Primakoff, Schwinger [41, 42, 43] in transforming these angular momen-
tum operators in terms of “bosonic” a and a:. Nevertheless this QFT artificial
flavour is not really useful in the present context.
7. SU(1, 1)-CS AS OPTICAL CS
7.1. Perelomov CS. These states are also an adaptation to the quantum op-
tical context of the Perelomov SU(1, 1)-CS [22, 23, 30, 44]. They are yielded
through a SU(1, 1) unitary action on a number state. The Fock Hilbert space
H is infinite-dimensional while the complex number α is restricted to the open
unit disk D := {α P C , |α | ă 1}. Let ϰ ą 1/2 and s P N. We then define the
(ϰ; s)-dependent CS family as the “SU(1, 1)-displaced s-th state”
(7.1) |α ; ϰ; s〉 = U ϰ(p(α¯ ))|s〉 =
8∑
n=0
U ϰns (p(α¯ ))|n〉 ”
8∑
n=0
ϕn;ϰ;s (α) |n〉 ,
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where the U ϰns (p(α¯ ))’s are matrix elements of the UIR U ϰ of SU(1, 1) in its dis-
crete series and p(α¯ ) is the particular matrix
(7.2)
©­«
(
1´ |α |2)´1/2 (1´ |α |2)´1/2 α¯(
1´ |α |2)´1/2 α (1´ |α |2)´1/2 ª®¬ P SU(1, 1) .
They are given in terms of Jacobi polynomials as
U ϰns (p(α¯ )) =
(
nă! Γ(2ϰ + ną)
ną! Γ(2ϰ + nă)
)1/2 (
1´ |α |2
)ϰ
(sgn(n ´ s))n´s ˆ
ˆ P (ną´nă , 2ϰ´1)nă
(
1´ 2|α |2
)
ˆ

αn´s if ną = n
α¯s´n if ną = s
(7.3)
with nąă =

max
min
(n, s) ě 0. The states (7.1) solve the identity:
(7.4)
2ϰ ´ 1
π
∫
D
d2α(
1´ |α |2)2 |α ; ϰ; s〉〈α ; ϰ; s | = I .
The simplest case s = 0 pertains to the AN class,
(7.5)
|α ; ϰ; 0〉 ” |α ; ϰ〉 =
8∑
n=0
αn hn;ϰ
(
|α |2
)
|n〉 , hn;ϰ(u) :=
d(
2ϰ ´ 1 + n
n
)
(1 ´ u)ϰ .
The corresponding detection probability distribution is negative binomial,
(7.6) n ÞÑ Pn(u) = (1´ u)2ϰ
(
2ϰ ´ 1 + n
n
)
un .
The average value of the number operator reads as
(7.7) n¯(u) = 2ϰ
u
1´ u ô u =
n¯/2ϰ
1 + n¯/2ϰ
.
By introducing the “efficiency” η := 1/2ϰ P (0, 1) the probability (7.6) is ex-
pressed in terms of the corrected average value N¯ := ηn¯ as
(7.8) Pn(u) ” P˜n(N¯ ) = (1 + N¯ )´1/η
(
1/η ´ 1 + n
n
) (
N¯
1 + N¯
)n
.
It is remarkable that such a distribution reduces to the celebrated Bose-Einstein
one for the thermal light at the limit η = 1, i.e., at the lowest bound ϰ = 1/2 of
the discrete series of SU(1, 1). For η ă 1, the difference might be understood
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from the fact that we consider the average photocount number N¯ instead of the
mean photon number n¯ impinging on the detector in the same interval [38].
For a related interpretation within the framework of thermal equilibrium states
of the oscillator see [45]
Note that the above CS, built from the negative binomial distribution, were
also discussed in [39].
Like for CS (4.27), the CS |α ; ϰ; s〉 in (7.1) do not pertain to the AN class
for s ą 0. In their expansion there are s terms in α¯s´n, s ą n, besides an
infinite number of terms in αn´s , s ď n. Finally, like for the Weyl-Heisenberg
and SU(2) cases, the representation operator U ϰ(p(α¯ )) used in (7.1) to build
the SU(1, 1) CS can be given the following form of a displacement operator
involving the generators K˘ for the representation U κ [23],
(7.9) U κ (p(α¯ )) = eϱα K+´ϱ¯α K´ ” Dκ (ϱα ) , ϱα = tanh´1 |α | e i argα .
7.2. Barut-Girardello CS. These nonlinear CS states [46, 47] pertain to the
AN class. They are requested to be eigenstates of the SU(1, 1) lowering operator
in its discrete series representation U ϰ, ϰ ą 1/2. The Fock Hilbert space H is
infinite-dimensional while the complex number α has no domain restriction in
C. With the notations of (5.6) they read
(7.10)
|α ; ϰ〉BG =
1a
NBG(|α |2)
8∑
n=0
αna
xn !
|n〉 , xn = n(2ϰ+n´1) , xn ! = n!Γ(2ϰ + n)
Γ(2ϰ)
,
with
(7.11) NBG(u) = Γ(2ϰ)
8∑
n=0
un
n!Γ(2ϰ + n)
= Γ(2ϰ)u´ϰ I2ϰ´1(2
?
u),
where Iν is a modified Bessel function [9]. In the present case the moment
problem (3.14) is solved as
(7.12)∫ 8
0
du wBG(u)
un
NBG(u)xn !
= 1 , wBG(u) =NBG(u)
2
Γ(2ϰ)
uϰ´1/2K2ϰ´1(2
?
u) ,
CS IN QUANTUM OPTICS 23
where Kν is the second modified Bessel function. The resolution of the identity
follows:
(7.13)
∫
C
d2α wBG (α) |α ; ϰ〉BGBG〈α ; ϰ | = I , wBG(u) =
wBG(u)
π
.
8. ADAPTED SUSSKIND-GLOGOWER CS
Let us examine the Susskind-Glogower CS [48] presented in [49]. These
normalised states read for real α ” x P R,
(8.1) |x〉SG =
8∑
n=0
(n + 1)
Jn+1(2x)
x
|n〉 ,
where the Bessel function Jν is given by
(8.2) Jν (z) =
( z
2
)ν 8∑
m=0
(´1)m ( z2 )2m
m! Γ(ν +m + 1)
.
The normalisation implies the interesting identity [50]
(8.3)
8∑
n=1
n2 (Jn(2x))2 = x2 .
The above expression allows us to extend the formula (8.1) in a non-analytic
way to complex α as
(8.4) (n + 1)
Jn+1(2x)
x
ÞÑ αn (n + 1)
8∑
m=0
(´1)m |α |2m
m! Γ(n +m + 2)
” αn hSGn (|α |2) ,
i.e.,
(8.5) hSGn (u) = (n + 1)
1
u
n+1
2
Jn+1(2
?
u) ,
and thus
(8.6) |α〉SG =
8∑
n=0
αn hSGn (|α |
2) |n〉 .
The moment equation (3.14) reads here
(8.7)
∫ 8
0
du
w(u)
u
(
Jn(2
?
u)
)2
= 2
∫ 8
0
dt
w(t2)
t
(Jn(2t))2 =
1
n2
.
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Let us examine the following integral formula for Bessel functions [9],
(8.8)
∫ 8
0
dt
t
(Jn(2t))2 =
1
2n
.
This leads us to replace the SG-CS of (8.1) by the modified
(8.9) |α〉SGm =
8∑
n=0
αn hSGmn (|α |
2) |n〉 , hSGmn (u) =
d
n + 1
N(u)
1
u
n+1
2
Jn+1(2
?
u) ,
with
(8.10) N(u) =
1
u
8∑
n=1
n
(
Jn(2
?
u)
)2
.
Then the formula (8.8) allows us to prove that the resolution of the identity is
fullfilled by these |α〉SGm with w(u) = N(u). More details, particularly those
concerning statistical aspects, are given in [51].
9. CS FROM SYMMETRIC DEFORMED BINOMIAL DISTRIBUTIONS (DFB)
In [52] (see also the related works [53, 54, 55]) was presented the following
generalization of the binomial distribution,
(9.1) p(n)
k
(ξ ) =
xn !
xn´k !xk !
qk (ξ )qn´k (1´ ξ ) ,
where the {xn}’s form a non-negative sequence and the qk (ξ ) are polynomials
of degree k, while ξ is a running parameter on the interval [0, 1]. The p(n)
k
(ξ )
are constrained by:
(a) the normalization
(9.2) ∀n P N, ∀ξ P [0, 1],
n∑
k=0
p
(n)
k
(ξ ) = 1,
(b) the non-negativeness condition (requested by statistical interpretation)
(9.3) ∀n,k P N, ∀ξ P [0, 1], p(n)
k
(ξ ) ě 0.
These conditions imply that q0(ξ ) = ˘1. With the choice q0(ξ ) = 1 one eas-
ily proves that the non-negativeness condition (9.3) is equivalent to the non-
negativeness of the polynomials qn on the interval [0, 1]. Hence the quantity
p
(n)
k
(ξ ) can be interpreted as the probability of having k wins and n ´ k losses
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in a sequence of correlated n trials. Besides, as we recover the invariance un-
der k Ñ n ´ k and ξ Ñ 1´ ξ of the binomial distribution, no bias (in the case
ξ = 1/2) can exist favoring either win or loss. The polynomials qn(ξ ) are viewed
here as deformations of ξ n. We now suppose that the generating function for the
polynomials qn , defined as
(9.4) F (ξ ; t) :=
8∑
n=0
qn(ξ )
xn !
tn ,
can be expressed as
(9.5) F (ξ ; t) = e
∑8
n=1 ant
n
with a1 = 1 , an = an(ξ ) ě 0 ,
8∑
n=1
an ă 8 .
It is proved in [52] that conditions of normalization (a) and non-negativeness
(b) on p(n)
k
(ξ ) are satisfied. We now define
(9.6) fn =
∫ 8
0
qn(ξ ) e
´ξ dξ and bm,n =
∫ 1
0
qm(ξ )qn(1´ ξ ) dξ .
The fn and bm,n are deformations of the usual factorial and beta function, re-
spectively deduced from their usual integral definitions through the substitution
ξ n ÞÑ qn(ξ ). The following properties are proven in [52]:
qn(ξ ) ě 0 ∀ξ P R+ , xn ! ď fn ,
8∑
n=0
qn(ξ )
fn
ă 8 ∀ξ P R+ , and bm,n ě xm !xn !
(m + n + 1)!
.
(9.7)
Then let us introduce the function N(z) defined on C as
(9.8) ∀z P C N(z) =
8∑
n=0
qn(z)
fn
.
This definition makes sense since from Eq. (9.7)
(9.9)
8∑
n=0
qn(z)fn
 ď 8∑
n=0
qn(|z |)
fn
ă 8.
The above material allows us to present two new generalisations of standard
and spin coherent states.
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DFB coherent states on the complex plane. They are defined in the Fock space as
(9.10) |α〉dfb =
1a
N(|α |2)
8∑
n=0
1a
fn
b
qn(|α |2) e
in arg(α ) |n〉 .
These states verify the following resolution of the unity:
(9.11)
∫
C
d2α
π
e´ |α |
2
N(|α |2) |α〉dfbdfb〈α | = I .
They are a natural generalization of the standard coherent states that correspond
to the special polynomialsqn(ξ ) = ξ n . The latter are associated to the generating
function F (t) = et that gives the usual binomial distribution.
DFB spin coherent states. These states can be considered as generalizing the spin
coherent states (6.2).
(9.12) |α ;nj 〉dfb =
1a
N(|α |2)
nj∑
n=0
gffeqn ( 11+ |α |2 ) qnj´n ( |α |21+ |α |2 )
bn,nj´n
e i arg(α ) |n〉 ,
where the bm,n are defined in Eq. (9.6) and N(u) is given by
(9.13) N(u) =
nj∑
n=0
qn
(
1
1+u
)
qnj´n
(
u
1+u
)
bn,nj´n
.
The family of states (9.12) resolves the unity:
(9.14)
∫
C
d2α w (α) |α ;nj 〉dfbdfb〈α ;nj | = I , w (α) =
N
(
|α |2
)
π
(
1 + |α |2
)2 .
10. PHOTON-COUNTING, BASIC STATISTICAL ASPECTS
In this section, we mainly follow the inspiring chapter 5 of Ref. [38] (see also
the seminal papers [56, 57, 58] on the topic, the renowned [60], the pedagogical
[59], and the more recent [61, 62, 63]). In quantum optics one views a beam
of light as a stream of discrete energy packets named “photons” rather than a
classical wave. With a photon counter the average count rate is determined by
the intensity of the light beam, but the actual count rate fluctuates from mea-
surement to measurement. Whence, one easily understands that two statistics
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are in competition here, on one hand the statistical nature of the photodetec-
tion process, and on the other hand, the intrinsic photon statistics of the light
beam, e.g., the average n¯(α) for a CS |α〉. Photo-counting detectors are speci-
fied by their quantum efficiency η, which is defined as the ratio of the number
of photocounts to the number of incident photons. For a perfectly coherent
monochromatic beam of angular frequency ω, constant intensity I and area A,
and for a counting time T ,
(10.1) η =
N (T )
ΦT
,
where the photon flux is Φ =
IA
~ω
” P
~ω
, P being the power. Thus the corre-
sponding count rate is R =
ηP
~ω
counts s´1. Due to a “dead time" of „ 1 µs for
the detector reaction, the count rate cannot be larger than „ 106 counts s´1,
and due to weak values η „ 10% for standard detectors, photon counters are
only useful for analysing properties of very faint beams with optical powers of
„ 10´12W or less. The detection of light beams with higher powers requires
other methods.
Although the average photon flux can have a well-defined value, the photon
number on short time-scales fluctuates due to the discrete nature of the photons.
These fluctuations are described by the photon statistics of the light.
One proves that the photon statistics for a coherent light wave with constant
intensity (e.g., a light beam described by the electric field E(x, t) = E0 sin(kx ´
ωt+ϕ)with constant angular frequencyω, phase ϕ, and intensity E0) is encoded
by the Poisson distribution
(10.2) n ÞÑ Pn(n¯) = e´n¯ (n¯)
n
n!
,
This randomness of the count rate of a photon-counting system detecting indi-
vidual photons from a light beamwith constant intensity originates from chop-
ping the continuous beam into discrete energy packets with an equal probabil-
ity of finding the energy packet within any given time subinterval.
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Let us introduce the variance as the quantity
Varn(n¯) ” (∆n)2 =
8∑
n=0
(n ´ n¯)2Pn(n¯) ,
Thus, for a Poissonian coherent beam, ∆n =
?
n¯. There results that three dif-
ferent types of photon statistics can occur: Poissonian, super-Poissonian, and
sub-Poissonian. The two first ones are consistent as well with the classical the-
ory of light, whereas sub-Poissonian statistics is not and constitutes direct con-
firmation of the photon nature of light. More precisely,
(i) if the Poissonian statistics holds, e.g., for a perfectly coherent light beam
with constant optical power P , we have
(10.3) ∆n =
?
n¯ ,
(ii) if the super-Poissonian statistics, e.g., classical light beamswith time-varying
light intensities, like thermal light from a black-body source, or like par-
tially coherent light from a discharge lamp, we have
(10.4) ∆n ą
?
n¯ ,
(iii) finally, the sub-Poissonian statistics is featured by a narrower distribution
than the Poissonian case
(10.5) ∆n ă
?
n¯ .
This light is “quieter” than the perfectly coherent light. Since a perfectly
coherent beam is the most stable form of light that can be envisaged in
classical optics, sub-Poissonian light has no classical counterpart.
In this context popular useful parameters are introduced to account for CS sta-
tistical properties, e.g. the Mandel parameter Q = (∆n)2/n¯ ´ 1, where (∆n)2 =
n2´n¯2, which isă 0 (resp. ą 0, = 0) for sub-Poissonian (resp. super-Poissonian,
Poissonian), the parameter Q/n¯ + 1 which is ą 1 for “bunching” CS and ă 1
for “anti-bunching” CS, etc..
The aim of the quantum theory of photodetection is to relate the photocount
statistics observed in a particular experiment to those of the incoming photons,
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more precisely the average photocount number N¯ to the mean photon number
n¯ incident on the detector in a same time interval. The quantum efficiency η
of the detector, defined as η = N¯ /n¯ is the critical parameter that determines the
relationship between the photoelectron and photon statistics. Indeed, consider
the relation between variances (∆N )2 = η2 (∆n)2 + η (1´ η) n¯.
‚ If η = 1, we have ∆N = ∆n: the photocount fluctuations faithfully repro-
duce the fluctuations of the incident photon stream.
‚ If the incident light has Poissonian statistics ∆n = ?n¯ then (∆N )2 = η n¯ for
all values of η: photocount is Poisson.
‚ If η ! 1, the photocount fluctuations tend to the Poissonian result with
(∆N )2 = η n¯ = N¯ irrespective of the underlying photon statistics.
Observing sub-Poissonian statistics in the laboratory is a delicate matter since
it depends on the availability of single-photon detectors with high quantum
efficiencies.
11. AN CS QUANTIZATION
11.1. The quantization map and its complementary. If the resolution of
the identity (3.4) is valid for a given family of AN CS determined by the se-
quence of functions h := (hn(u)), it makes the quantisation of functions (or
distributions) f (α) possible along the linear map
(11.1) f (α) ÞÑ Ahf =
∫
|α |ăR
d2α
π
w(|α |2) f (α) |α〉〈α | ,
together with its complementary map, likely to provide a “semi-classical” opti-
cal phase space portrait, or lower symbol, of Ah
f
through the map (3.8),
(11.2) 〈α |Ahf |α〉 =
∫
|β |ăR
d2β
π
w(|β |2) f (β) |〈α |β〉 |2 ” |f h(α) .
Since for fixed α the map β ÞÑ w(|β |2) |〈α |β〉 |2 is a probability distribution on
the centered disk DR of radius R, the map f (α) ÞÑ |f h(α) is a local, generally
regularising, averaging, of the original f .
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The quantization map (11.1) can be extended to cases comprising geometric
constraints in the optical phase portrait through the map (3.8), and encoded by
distributions like Dirac or Heaviside functions.
11.2. AN CS quantization of simple functions. When applied to the sim-
plest functions α and α¯ weighted by a positive n
(
|α |2
)
, the quantization map
(11.1) yields lowering and raising operators
α ÞÑ ah =
∫
|α |ăR
d2α
π
w˜(|α |2)α |α〉〈α | =
8∑
n=1
ahn´1n |n ´ 1〉〈n | ,(11.3)
α¯ ÞÑ
(
ah
):
=
8∑
n=0
ah
nn+1 |n + 1〉〈n | ,(11.4)
where w˜(u) := n(u)w(u). Their matrix elements are given by the integrals
(11.5) ahn´1n :=
∫ R2
0
du w˜(u)un hn´1(u)hn(u) ,
and ah |0〉 = 0.
The lower symbol of ah and its adjoint read respectively:
(11.6) qah(α) = 〈α |ah |α〉 = α τ ( |α |2) , ~(ah):(α) = qah(α) ,
in which the “weighting” factor is given by τ (u) =
∑
ně0 ahnn+1 u
n hn(u)hn+1(u).
In the above, as it was mentioned in Section 3 and, as it occurred in the spin
case, the involved sums can be finite, and a finite number of matrix elements
(11.5) are not zero. As a generalization of the number operator we get in the
present case
(11.7) ah
(
ah
):
= X
h
Nˆ+I
,
(
ah
):
a = Xh
Nˆ
, [ah,
(
ah
):
] = Xh
Nˆ+I
´ Xh
Nˆ
,
with the notations
(11.8) Xhn = |a
h
n´1n |
2
, X
h
0 = 0 , X
h
Nˆ
|n〉 = Xhn |n〉 , X
h
Nˆ+I
|n〉 = Xhn+1 |n〉 .
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When all the hn ’s are real, the diagonal elements in (11.7) are given by the
product of integrals
X
h
n+1 ´ Xhn =
[∫ R2
0
du w˜(u)un hn(u) (uhn+1(u)´ hn´1(u))
]
ˆ
[∫ R2
0
du w˜(u)un hn(u) (uhn+1(u) + hn´1(u))
]
.
(11.9)
The quantum version of u = |α |2 and its lower symbol read as:
Ahu =
∑
n
〈u〉n |n〉〈n | , 〈u〉n :=
∫ R2
0
du w˜(u)un+1 hn(u)
〈α |Ahu |α〉 = 〈〈u〉n〉α (u) :=
∑
n
〈u〉n u
n |hn(u)|
2
=
∑
n
〈u〉n P
h
n .
(11.10)
We notice here an interesting duality between classical (〈¨〉n) and quantum
(〈¨〉α ) statistical averages.
11.3. ANCS asa-eigenstates. One crucial property of theGlauber-Sudarshan
CS is that they are eigenstates of the lowering operator a. Imposing this prop-
erty to AN-CS leads to a supplementary condition on the functions hn .
(11.11) ah |α〉 = α |α〉 ñ hn(u) = hn+1(u)
∫ R2
0
dt w˜(t) tn+1 hn(t)hn+1(t) .
Let us examine the particular case of non-linear CS of the deformed Poissonian
type (5.6). In this case, Xn = xn , and whence the construction formula,
(11.12) |α〉 =
N(αah
:
)a
N(|α |2)
|0〉 .
Morover (11.11) imposes that the sequence xn ! derives from the following mo-
ment problem.
(11.13) xn ! =
∫ R2
0
du
w(u)
N(u)
un .
Now, instead of starting from a known sequence (xn), one can reverse the game
by choosing a suitable function f (u) =
w(u)
N(u)
to calculate the corresponding xn !
(from which we deduce the xn ’s), the resulting generalized exponential N(u)
(and checking the finiteness of the convergence radius), and eventually the
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weight function w(u) = f (u)N(u). There are an infinity of “manufactured"
products in this non-linear CS factory!
11.4. AN-CS fromdisplacement operator. One can attempt to build (other?)
AN-CS by following the standard procedure involving the unitary “displace-
ment” operator built from ah and ah: and acting on the vacuum.
(11.14) |α˘〉disp := Dh(α˘ ) |0〉 =
8∑
n=0
α˘n h
disp
n (|α˘ |
2) |n〉 , Dh(α˘) := eα˘a
h:´α˘ah ,
where the notation α˘ is used to make the distinction from the original α . Of
course, Dh:(α˘ ) = Dh´1(α˘ ) is not equal in general to Dh(´α˘ ). Besides the two
examples (6.17) and (7.9) encountered in the SU(2) and SU(1, 1) CS construc-
tions, for which the respective weights n(u) can be given explicitly, another
recent interesting example is given in [64].
So an appealing program is to establish the relation between the original hn ’s
and these (new?) hdispn ’s, through a suitable choice of the weight n(u), actually
a big challenge in the general case! More interesting yet is the fact that these
new CS’s might be experimentally produced in the Glauber’s way (4.23), once
we accept that the ah and ah: appearing in the quantum version (4.8) of the
classical e.m. field are yielded by a CS quantization different from the historical
Dirac (canonical) one [65]. Hence one introduces a kind of duality between
two families of coherent states, the first one used in the quantization procedure
f (α) ÞÑ Ah
f
, producing the operators n(u)α ÞÑ ah and n(u)α¯ ÞÑ ah:, and so the
unitary displacement Dh(α˘) := eα˘a
h:´α˘ah , while the other one uses this Dh(α˘) to
build potentially experimental CS yielded in the Glauber’s way.
12. CONCLUSION
We have presented in this paper a unifying approach to build coherent states
in a wide sense that are potentially relevant to quantum optics. Of course, for
most of them, their experimental observation or production comes close to be-
ing impossible with the current experimental physics. Nevertheless, when one
considers the way quantum optics has emerged from the golden twenties of
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quantum mechanics, nothing prevents us to enlarge the Dirac quantization of
the classical e.m. field in order to include all these deformations (non-linear or
others) by adopting the consistent method exposed in the previous section.
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